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W.A. Kirk [W.A. Kirk, Fixed points of asymptotic contractions, J. Math. Anal. Appl. 277
(2003) 645–650] deﬁned the notion of an asymptotic contraction on a metric space and
using ultrapower techniques he gave a nonconstructive proof of an asymptotic version
of the Boyd–Wong ﬁxed point theorem. Subsequently, I.D. Arand¯elovic´ [I.D. Arand¯elovic´,
On a ﬁxed point theorem of Kirk, J. Math. Anal. Appl. 301 (2005) 384–385] established
somewhat more general version of Kirk’s result and he gave an elementary proof of it.
However, our purpose is to show that there is an error in this proof and, moreover,
Arand¯elovic´’s theorem is false. We also explain how to correct this result.
© 2009 Elsevier Inc. All rights reserved.
The notion of asymptotic contractions was introduced by W.A. Kirk [7] who also obtained a ﬁxed point theorem for
these mappings. His proof is nonconstructive since it uses ultrapower techniques and thus it depends on the Axiom of
Choice. An elementary proof was found by Arand¯elovic´ [1] who proposed the following slight generalization of Kirk’s result.
(The letter R+ denotes the set of all nonnegative reals.)
Theorem 1. Let (X,d) be a complete metric space and T be a continuous selfmap of X. For n ∈ N, let ϕn :R+ → R+ be continuous
and such that
d
(
Tnx, Tn y
)
 ϕn
(
d(x, y)
)
for all x, y ∈ X .
Assume that there exists a function ϕ :R+ → R+ such that ϕ(0) = 0, ϕ(t) < t for all t > 0, and ϕn → ϕ uniformly on the range of d.
If some orbit of T is bounded, then T has a unique ﬁxed point z and for any x ∈ X, the sequence (Tnx)n∈N converges to z.
Unfortunately, the proof of Theorem 1 given in [1] contains an error: The author uses the continuity of ϕ at some
point of the closure of the set d(X2) whereas by hypothesis of Theorem 1, we may infer only that the function ϕ|d(X2) is
continuous. In fact, Theorem 1 is false as shown in the following
Example 1. Set X := {1+ 1/n: n ∈ N} and endow X with a metric d deﬁned by
d(x, y) := max{x, y} for x, y ∈ X with x = y, and d(x, x) := 0 for x ∈ X .
(Actually, d is an ultrametric.) Since 2  d(x, y) > 1 if x = y, we infer that (X,d) is bounded and every Cauchy sequence
(xn)n∈N is constant for suﬃciently large n. Hence (X,d) is complete. Set
ϕ1(t) := t for t ∈ [0,1], ϕ1(t) := 3
2
for t > 2,
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n + 2 t +
2n + 3
(n + 1)(n + 2) for t ∈
(
1+ 1
n + 1 ,1+
1
n
]
and n ∈ N,
i.e., ϕ1|(1,2] is the polygonal line with nodes (1+ 1/n,1+ 1/(n + 1)) (n = 1,2, . . . ). Deﬁne a mapping T on X by
T (1+ 1/n) := 1+ 1/(n + 1) for n ∈ N.
Clearly, T has no ﬁxed points. Observe that T = ϕ1|X and ϕ1 is nondecreasing. Hence and by the deﬁnition of d, we infer
d(T x, T y) = ϕ1
(
d(x, y)
)
for all x, y ∈ X . (1)
In particular, T is nonexpansive since ϕ1(t) t for all t ∈ R+ . (1) easily yields
d
(
Tnx, Tn y
) = ϕn1(d(x, y)) for all x, y ∈ X and n ∈ N.
Set ϕn := ϕn1 for n ∈ N. Since ϕ1 is continuous, so is each ϕn . Now set
ϕ(t) := 0 for t ∈ [0,1], and ϕ(t) := 1 for t > 1.
Clearly, ϕ(0) = 0 and ϕ(t) < t for all t > 0. We show ϕn → ϕ uniformly on the range of d. Let t ∈ d(X2). If t = 0, then
ϕn(t) = ϕ(t). If t = 0, then t = 1+ 1/k for some k ∈ N, and hence given n ∈ N,
ϕ(t) = 1 and ϕn(t) = ϕn1(1+ 1/k) = 1+ 1/(k + n),
so |ϕn(t) − ϕ(t)| = 1/(k + n) 1/(n + 1). Hence we infer
sup
{∣∣ϕn(t) − ϕ(t)∣∣: t ∈ d(X2)} 1/(n + 1) for any n ∈ N,
which yields the uniform convergence of (ϕn)n∈N to ϕ on d(X2). Thus all the assumptions of Theorem 1 are satisﬁed, but
T is ﬁxed point free.
Though Arand¯elovic´’s result has already been cited in recent papers [2,3,5,6,8,9], it seems that nobody noticed that the
above theorem was not true. There are at least two ways to correct Theorem 1. The simplest one is to assume that ϕ is
continuous as done in Kirk’s [7, Theorem 2.1]. The other one is to assume that (ϕn)n∈N converges to ϕ uniformly on the
closure of the range of d. In both cases, Arand¯elovic´’s argument is correct. The second approach is slightly more general
since the latter assumption is equivalent to the continuity of ϕ|cld(X2) in view of the following lemma. We omit its proof
since the result belongs to a mathematical folklore.
Lemma 1. Let A be a nonempty subset of R+ , ϕ :R+ → R+ and for n ∈ N, let ϕn :R+ → R+ be continuous and such that ϕn → ϕ
uniformly on A. The following statements are equivalent:
(i) ϕn → ϕ uniformly on cl A;
(ii) the restriction of ϕ to cl A is continuous.
Finally, let us notice that in [4] we established a version of Kirk’s theorem in which the assumption of boundedness of
some orbit of T—rather hardly veriﬁable in practice—was removed. Also, our [4, Example 1] shows that Kirk’s result does
not hold for discontinuous asymptotic contractions.
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